Let us recall that given a subfield k ⊂ C, Nori defined a tensor abelian category of mixed motives M(k), which received a universal cohomology theory for pairs of k-varieties. This relied on a Tannakian construction with input consisting of a representation of a quiver into the category of finitely generated modules over a noetherian commutative ring; the output is a certain universal abelian category. The book by Huber and Müller-Stach [HM] now gives a fairly detailed account of this story. In [A2], we constructed an abelian category M(S), of motivic "sheaves" over a k-variety S, with realization functors to the categories of constructible sheaves in the analytic andétale topologies. This used the same method, although there were additional steps. Many features of this category, such the existence of realizations or inverse images followed from rather formal considerations. However, other aspects were less straightforward. In particular, the construction of direct images for projective or constant maps in [A2] -which was really the main result -was long and convoluted. This paper is written with two goals in mind. The first is to give a less opaque construction of M(S) and the basic operations on it. The second is to simplify the proof of the direct image theorem.
and edges which preserves incidence: the source/target of F (e) is F applied to the source/target of e. We will recall the following generalization of Nori's Tannakian construction due to Barbieri Viale and Prest [BP, pp 207, 214, 215] , that we will refer to as the N + construction.
Theorem 1.1. Let R be a commutative ring. Given a representation from a quiver to an R-linear abelian category F : ∆ → A, there exists an R-linear abelian category A R (F ) and a 2-commutative diagram
with φ R-linear faithful and exact. Furthermore, this is universal in the sense that given any other such factorization ∆ → B → A, we have an essentially unique dotted arrow, as drawn, making the whole diagram 2-commutative
Both "2-commutative" and "essentially unique", mean up to natural isomorphism. It will be useful to briefly summarize the construction. One forms a preadditive category R∆ with the same objects as ∆, and for morphisms take the free R-module generated by paths. (In the case where R is not explicitly mentioned, we take R = Z.) Given an R-linear preadditive category C, let [C, R-Mod] denote the category of R-linear additive functors from C to the category of R-modules, and let [C, R-Mod] f p be the full subcategory of finitely presented objects [BP, p 212] .
This is an R-linear abelian category. Furthermore, there is a canonical representation ∆ → Freyd R (∆), and F has a canonical exact extensionF : Freyd R (∆) → A. Then A R (F ), or A(F ) when R is understood, is the Serre quotient Freyd R (∆)/ kerF . It should now be clear that the N + construction is natural in the following sense:
Lemma 1.2. If g : ∆ → ∆ ′ is a morphism of quivers, there is a 2-commutative diagram
with G exact. If, moreover, there are representations F : ∆ → A and F ′ : ∆ ′ → A ′ such that G sends objects of ker F to ker F ′ , then we get an induced exact functor A(F ) → A(F ′ ) such that
commutes.
Corollary 1.3. Suppose that F : ∆ → A and F ′ : ∆ ′ → A ′ are two representations to abelian categories, that fit into a 2-commutative diagram
The following will also be needed later.
(or more concretely, it is equivalent to the directed union φ(A(F | ∆i )) ⊆ A).
Sketch. The family of functors
The representations
patch to yield a representation of ∆. Hence, by the universal property, we get
One checks α and β are inverse up to natural equivalence.
Effective motivic sheaves
For the remainder of the paper, we fix a subfield k ⊂ C and a commutative noetherian ring R. By a k-variety, we mean a reduced separated scheme of finite type over Spec k. The symbols S, X, Y should be assumed to be k-varieties, unless stated otherwise. If f : X → S is a morphism of k-varieties and Y ⊂ X is a closed subvariety, then the cohomology of the pair (X, Y ) relative to S with coefficients in a sheaf F on the analytic orétale topologies X an or X et , will be defined by
is not cohomology with support in S. When S is the point Spec k and F is constant, this agrees with what one usually means by cohomology of the pair. Let us say that a pair (X → S, Y ) has the base change property if for any morphism g : S ′ → S of k-varieties, the canonical map gives an isomorphism
for all i, where Let S be a k-variety. Define a quiver ∆(S) as follows. When S is connected, the vertices are triples (X → S, Y, i) consisting of
• a quasi-projective morphism X → S;
• a closed subvariety Y ⊆ X such that the pair (X → S, Y ) has the base change property; • a natural number i ∈ N. One should think of (X → S, Y, i) as the symbol representing H i S (X, Y ). The set of edges, or morphisms, of ∆(S) is the union of the following two sets: Type I: Geometric morphisms
for every morphism of S-schemes X → X ′ sending Y to Y ′ . Type II: Connecting or boundary morphisms
for every chain Z ⊆ Y ⊆ X of closed sets. When S has several connected components S i , we take ∆(S) = ∆(S i ).
Call a sheaf F of R-modules on S an k-constructible, if it has finitely generated stalks and if there exists a partition {Z i } of S into Zariski locally closed sets such that F | Zi,an is locally constant. The term "k-constructible" is meant to signify that even though the sheaf is on S an , the strata Z i are defined over k. Let Cons(S an , R) denote the full subcategory of the category of sheaves of R-modules consisting of k-constructible sheaves. It is abelian and R-linear. Let ∆ (S) op denote the opposite quiver, which means that the edges are reversed. We define a representation H : ∆ (S) op → Cons(S an , R) which sends (X → S, Y, i) to
The action of H on edges is as follows. For a morphisms of type I, the map on cohomology is induced from the restriction
For a morphism of type II, it is the connecting map associated to the exact sequence
More details can be found in [A2, p 154 ]. Now we can apply the N + construction to obtain the category of effective mo-
The category of motivic sheaves M(S) will be built from this in the next section by inverting a certain object. (1) In the earlier paper, M eff (S) was not considered; M(S) was constructed in a single step. This required a more complicated definition of ∆ (S) , where objects had an extra paramater, and there was an additional set of morphisms.
(2) Another change in the definition of ∆(S) is to require that pairs have the base change property rather than the stronger condition that they be controlled. This condition is used later for the existence of inverse and direct images ((P5) and theorem 5.1). One could drop the condition completely, and everything else should work.
, we only considered the case where R was a field. There M(S) had coefficients in Q. (4) The present construction corresponds to what were called premotivic sheaves in [A2] . There was an additional step of forcing M(−) to be a stack in the Zariski topology. This could also be done here, but we have decided it is not really that useful.
Let us recapitulate the universal property of the N + construction in this context.
There is a faithful exact R-linear functor to R B : M eff (S, R) → Cons(S an , R), and H factors through it. This is universal in the sense that given any other such factorization ∆(S) → B → Cons(S an , R), we an essentially unique dotted arrow completing the diagram
Here is a list of other realizations and properties which follows fairly quickly from the construction.
(P1) We get a representation of ∆ (S) op to the category Cons (S et 
The comparison theorem plus theorem 2.2 implies that there is an exact faithful functor R ℓ :
is the heart of the classical t-structure on the derived category of mixed Hodge modules ([A2, appendix C], [S, rmk 4.6] ), then using theorem 2.2, one obtains a Hodge realization functor R H : M eff (S, Q) → Cons-MHS(S) (c.f. [A2, 3.4.7] ). When S is smooth, objects of Cons-MHS (S) would include admissible variations of mixed Hodge structures, but the remaining objects seem more mysterious. As an aside, it is worth mentioning that Ivorra [I] has constructed an analogous theory of perverse motivic sheaves, with a realization functor directly into the category of mixed Hodge modules.
To see this, define M eff (S, R ′ /R) to be the category whose objects are triples (M, L, φ 
′ , and with the obvious notion of morphisms. Theorem 2.2 implies the existence of an exact functor
The same sort of trick should be applicable to Ivorra's category.) (P5) Suppose that f : T → S is a morphism of k-varieties. We can define a morphism of quivers f
Since (X → S, Y ) has the base change property,
Therefore corollary 1.3 can be applied to show that there is an exact functor
which is compatible with f * for sheaves under Betti realization (compare [A2, 3.5.2]).
Motivic sheaves and tensor products
We start with a few preliminaries. Call (X → S, Y, i) ∈ ∆(S) cellular if X/S is affine with equidimensional fibres, and if H j S (X, Y ) = 0 unless j = i. For example, (G mS → S, {1}, 1) is cellular. In the absolute case, a cellular object is what Nori calls a "good pair" [HM] . Let ∆ cell (S) ⊆ ∆ eq (S) ⊆ ∆(S) be the full subquivers consisting of cellular objects and equidimensional objects respectively. Define M 
can be seen to define a morphism of quivers. By the Künneth formula,
This renders the diagram
2-commutative. Thus we can construct an induced exact endofunctor
by corollary 1.3. Let us assume that R is a field for the rest of this paragraph. Then we can form tensor products with respect to any cellular object. We get a map
. This can be seen to be a representation. Thus we have an exact functor M
, and therefore a bifunctor
exact in both variables. The category of motivic sheaves M(S) is obtained from M eff (S) by adjoining the inverse of the Lefschetz motive h 1 S (G m,S , 1). The category M eff (S) is good enough for most purposes, but inverting L becomes important in certain situations (e.g. see theorem 4.1). The precise construction proceeds as follows. Define an exact endofunctor L : 
with the second L invertible. Furthermore, M(S, R) is the universal such category. The 2-commutativity of (3.1) shows that there is a natural isomorphism R B • L ∼ = R B . Therefore R B extends to an exact functor M(S, R) → Cons(S an , R) by the universal property. The construction of , 7.6] shows that this is faithful. We also have natural isomorphisms
implying extensions of the ℓ-adic and Hodge realizations and inverse images to M(−). Given M ∈ M(S, R) and w ∈ Z, we define the Tate twist by
The above formulas shows that this is compatible with usual twists under the Hodge and ℓ-adic realizations. Tensoring with two flat cellular objects commute:
This implies that L intertwines with h The previous product was constructed asymmetrically, and this makes it difficult to check certain properties. As an alternative, we can use a variant of the N + construction by Barbieri Viale, Huber, and Prest [BHP] . A ⊗-quiver consists of a quiver ∆, with relations, equipped with a special object 1, and such that every object v is equipped with an identity morphism id v : v → v, and for each pair of objects v, w there exists an object v ⊗ w. One imposes that
(1) for every morphism e : v → v ′ and object w, morphisms e ⊗ id :
These are subject to a long list of relations
• (e ⊗ id) for all pairs of edges e, e ′ ; (3) α v,w • α w,v = id for all vertices v, w;
and some additional relations that we won't recall; see [BHP, def 2.1 ]. An example of a ⊗-quiver is a commutative tensor (or symmetric monoidal) category; the maps u * , α * , β * are the unit, commutativity and associativity constraints. A tensor functor F : D → A is a functor with a collection of isomorphisms
compatible with the constraints.
There is also a modification of the above set up called a graded ⊗-quiver [BHP, 2.11] . Each object of D is assigned a parity, and the relations are the same except for the second, which is replaced by
where the sign is determined by the parity of the sources and targets of e and e ′ . In this setting ⊗-functors have a natural modification called graded ⊗-functors.
We combine special cases of theorems 2.10 and 2.18 of [BHP] into one statement.
Theorem 3.2. Suppose that D is a (graded) ⊗-quiver and F : D → C is (graded) tensor functor to an abelian tensor category with an exact tensor product. Then A(F ) is an abelian tensor category, and the natural map A(F ) → C is a tensor functor.
By modifying the arguments of [HM, §9.3] , we obtain Proposition 3.3. ∆ cell (S) can be made into a graded ⊗-quiver with
and the parity given by the parity of i. H together with the Künneth isomorphism becomes graded ⊗-functor.
Corollary 3.4. For noetherian R, M eff eq (SR) is a commutative tensor category with unit 1 = h o S (S, ∅). When R is a field, one can see that the product
is compatible with the previous product (3.2). By symmetry, the bifunctor ⊗ R on M eff eq (S, R) intertwines with L in both variables. Thus it descends to a product
where
Local systems
Let S be a k-variety as usual. Suppose thatX → S is smooth and projective, and D + E ⊂X a divisor with relative simple normal crossings. Then (X − D → S, E∩(X −D), i) is an object of ∆(S), because it is a fibre bundle with respect to the analytic topology. This implies, moreover, that its cohomology is locally constant or a local system. We refer to an object of this form as tame. Let ∆ tame (S) ⊂ ∆ eq (S) be the full subquiver consisting of all tame objects. Apply the N + construction to obtain the category
of effective motivic local systems. By previous remark, its image under R B lies in the abelian subcategory of local systems Loc(S an , R). When R = Z, Q, R and S is smooth, we can construct a Hodge realization R H directly into the category V M HS(S an , R) of admissible R-variations of mixed Hodge structures [A2, pp 180-181] .
It is clear that if f : T → S is a morphism of k-varieties, and (
. This can be identified with a subcategory of M eq (S, R). Putting all of this together, we see that M lc (S, R) is a tensor category. Sketch. We already know that M lc (S, Q) is a tensor category. If s ∈ S(C), let σ s : Loc(S, Q) → Q-mod denote the stalk at s. The composition
gives a fibre functor. We just have to check that M lc is rigid, i.e. that it has duals. It suffices to construct duals on a set of generators by [HM, prop 8.3.4] . We use the set of motives M = h i S (X − D, E) attached to tame objects. IfX/S has relative dimension n, let
The arguments in [A2, pp 182-183] shows that there is a perfect Poincaré duality pairing
which is induced by a pairing of motives
The direct image theorem
The hardest result in [A2] is the existence of direct images. We will give a simpler account here. The proof is broken down into a series of cases. The second, which contains the most of the main ideas, deals with case of the map g : S → Spec k. The outline is as follows. The underlying quiver ∆(S) can be expressed as a directed union of subquivers ∆(S, S • ) depending on some auxilliary data. For each vertex v ∈ ∆(S, S • ), one can write down a canonical complex
Theorem 5.1. Let g : S → Q be a morphism of quasiprojective k-varieties. Assume that either Q = Spec k or that g is projective. Then there exists a δ-functor
2-commutes. This extend to a δ-functor r j g * : M(S) → M(Q) satisfying the same condition.
Proof. 1. Proof when g is a closed immersion.
When j > 0, set r j g * = 0. This is consistent with the fact that
2. Proof when Q is a point.
When Q = Spec k, rechristen r j g * = r j Γ. Also in this case Cons(Q) = Ab is just the category of abelian groups. Finally, to avoid confusion, we reserve H i for sheaf cohomology, and use H i for the cohomology of a chain complex. By Jounalou's trick [J, lem 1 .5], we can find an affine variety T and an affine space bundle p : T → S. This implies that H j (p * F ) = H j (F ) for any sheaf F ∈ Cons(S an ). If we can construct functors r j Γ :
→ Ab will have the same property. Therefore we may now assume that S is affine.
For this proof, a filtration on S will mean a chain Define ∆(S, T • ) ⊂ ∆(S) as the full subquiver of objects adapted to T • . Lemma 4.3.4 of [A2] shows that ∆(S) is directed union of the ∆(S, T • ). Arguing exactly as before, one finds that the map from Ob ∆(S, T • ) sending (X, Y, i) to the complex K(X, Y, i) given by
Once again there is an isomorphism
by [A2, prop 5.2.2] . Therefore one has an exact functor K :
) such that r j g * = H j • K satisfies the necessary conditions. It passes to the 2-colimit as before. Proof. We will just do this in case 2, when Q is a point. The functor (5.3) extends to an exact functor
Extension to M.

Consider the diagram
from the category of single complexes to double complexes. Composing with the total complex, and projection, yields a functor
The map (5.3) is a quasi-isomorphism by (5.1). Therefore the above map passes to the 2-colimit
This factors through D b M eff (S) , and satisfies r j g * M = H j (rg * M ). One can check that this commutes with L, therefore extends to rg * :
6. Variants 1. Local systems in the arithmetic case.
The following was done in response to a question by Bill Hoffman. Fix a noetherian integral scheme T whose function field k is embedded into C. Let η → T denote the generic point. Fix S → T a smooth projective scheme. Let ∆ tame (S/T ) be the graph whose objects are triples (X − D → S, E ∩ (X − D), i), whereX → S is smooth and projective, and D + E ⊂X a divisor with relative simple normal crossings. The morphisms are defined as section 2. Given a noetherian ring R, we can define H : ∆ tame (S/T ) → Cons(S η,an , R) as before. Apply N + construction to obtain the category M eff lc (S/T, R) := A(H) of motivic local systems. We have the corresponding universal property Theorem 6.1. M eff lc (S/T, R) has a faithful exact functor to the category of local systems Loc(S η,an , R), and H factors through it. This is universal in the sense of theorem 2.2.
Lemma 6.3. Suppose that T is the spectrum of a finitely generated Z-algebra. Then 
